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1 Drude Model

Drude’s model provides a simple initial description for the optical response of metals. Based on the
assumption of Drude’s model, the electrons in a metal will be accelerated by external electrical and
magnetic fields. The behavior of electrons can be described as the Eq. (1)

Ve(w)

c

x B —m,

Mete(w) = —eF(w) —e

ve(Tw) (1)

where 7 is the relaxation time, the constant c is the speed of light, B is an external magnatic field,
and

ae(w) = —iwv.e” ™! (2)
E(w) = Epe™™" (3)
Ve(w) = vee ™! (4)

After reorganizing the Eq. (1), the Eq. (5) can be obtained.
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me(—iwvee ™) = —eEyge ™" — e

(5)

6 Here, we assume that there is no magnetic field in the system (i.e. B = 0) and remove e~  the
7 Eq. (5) becomes

—iMmewv, = —eEy — me— (6)
v - —
Me— — IMWV, = —el (7)
T
0o( —imyw) = —eE, 8)
-
0e(1 — iwT) = —eEor/m, (9)
12 _ _eEOT/me _ e.EOT/m6 (10)
1 —wr wT — 1

where v, is the mean velocity of electrons, m, is the electron’s mass, and FEj is external electric

[N

field. If the density of mobile electrons is n, the current density j arising in response to Ej is

j = —nev, = neT—./meEo (11)
1 —awTr
Because of

Jj = o(w)Ey, (12)

s electrical conducivity o(w) is

ner /me

= — 13
o(w) 1 —iwr (13)
° where o(w) is the linear relation between current density j and an external electric field Fy. At

10 low-frequency region, w is a small number in the denominator of the Eq. (13) and w can be ignored.
1 Thus, the electrical conducivity o(w) is given by

o = ne’t/me. (14)

12 On the other hand, at higher frequencies, current and field fall out of phase. Many features of
13 the optical response of metals can be described by the Eq. (13) which is frequency-dependent.

w 2 Maxwell’s equations

15 Maxwell’s equations are fundamental equations that describe the interactions between particles (with
16 charge Q and electronic density / particle density n(t)) and electro-magnetic fields in matter.

V. E = 470n(t) (15)
V.B=0 (16)
- 1dB
B =--22 1
Vo B(l) = (17)
- dr— 1dFE
B(t) = 2L 4 =& 1
V x B(t) It (18)
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Based on the Eq. (15) and (18), the continuity equation (the Eq. (25)) with j the charge current
density can be derived as below.

Step 1.
V. E = 47Qn(t) (19)
o_ = _ OE ___on(t)
5V E=V = drQ— (20)
Step 2.
- 4= 1dE
B(t)= —j + = 21
VB ="Tj 1 1)
- 4 - 1_ dE
V. (VxBt)=—V-j Vo (22)
4 - 1
0=—"V.j+ —4wQag—f) (23)
dr _ = 4@ On(t)
i v 24
c Ve c Ot (24)
- dn(t)
v.j=-0% (25)
Furthermore, according to
E=-VV (26)

17 (where V is a scalar potential V') and the Eq. (15), the Poisson equation (the Eq. (28)) can be
obatined as below.

=
(=]

NN

V-E=V-(=VV)=47Qn(t) (27)
V2V = —471Qn(t) (28)
10 In order to distinguish the influence of external fields in matter, the electronic densities and

20 currents in Maxwell’s equations can be separated into "internal" and "external" regions (no overlap).

N = Nynt + Next (29)

j = jz’nt + jext (30)
21 On the other hand, the polarization P is defined by

N t N
P(F o) = / 0t F e, ). (31)

—00

2 Combining with the Eq. (25), one can get the Eq. (36) as below.



R t
v-P<r,t>=v-</ 0t G (7).

— /t dt’ (v : ?im(?, t’))

—00

[ a0

AN ( 7“ 1)
- _ dy =t o)
Qf arttet
V- P(r,t) = —Qni(7 1)

23 Because the displacement field D is defined as

D=FE+4rP or FE=D—A4nP,

2 Maxwell’s equation can be rewritten as the Eq. (38)-(41).

- 1dB
4= 1d5

V x B(t) = et T

(37)

(40)

(41)

In comparison with the Eq. (15)-(18), one can find that only the Eq. (38) and the Eq. (41) are
different from the Eq. (15) and the Eq. (18), respectively. Both of them can be derived easily as

below.

Prove the Eq. (38):

SISl Sl W) o)
T
4 4 4
-
|
o
)
2
~

D = 47Q [neaa (7, 1) + it (7, 1) = i

JEEN

D= 47rQnext(?, t)

4 4 4449 49 d

N

r,t)

(42)
(43)
(44)
(45)
(46)

(47)

(48)
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Prove the Eq. (41):

V X B?t) = 47#; + %Cil_f = %(;em + ;”mt> + %Cil_f (49)
=t Gt 22 (50)
R o
_dnj 4 LB PG )

VBt = T (59

The advantage of this form of Maxwell’s eqautions is that all of source terms come from external.
In the interior of a matter, n.,; and j.,, vanish even though they can lead to fields inside the matter.
As shown by the Eq. (15)-(18) and the Eq. (38)-(41), E is the total field in the material, whereas

D is the field due to external sources. Thus, the value of D at any point r is independent of the
material and is the same as if the material were absent.

Note:
N t N
P = [ vt (54

dP(T’,t) df—oodt,-]’mt(r’t/) - -
dt dt jmt(T7 ) ( )

Now, we knew that the currect density j is defined in the Eq. (12), and it can be substituted
into the Eq. (18) (Ampere-Maxwell law).

B:— 1 - = — 9 __E _i(UJt_q'T) 56
VX ¢’ i cdt cd T e (56)
4m - W
= —o(w)E—-—F 57
T o) B~ (57)
iw = idmo(w)
= ——E(1 58
R I (58
- —%E(el(w) Fies(w)) = —%Ee(w) (59)

where F = Eje~iwt—a7),

= 1dD edE —iwEe(w)
cdt  cdt c
Based on (59) and (60), the conductivity in the Eq. (58) is connected to the dielectric constant.
And, the dielectric constant (e(w) = €;(w) + i€2(w)) is defined as the Eq. (61).

(60)

(W) = e1(w) + iea(w) = €1 (w)(1 + 228) (61)
= e (w)(1+itand(w)) (62)
g z‘%a(w) (63)
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38

where €;(w) and e;(w) are the real and imaginary part of dielectric constant, respectively, and

tand is the ratio of ex(w) to € (w) (ie. e (w)/er(w)).

Once the conductivity in the Eq. (63) is

obatined, the dielectric function e(w) can be evaluated to check how all charges respond to electrical
fields. And, the value of loss tengent vector , i.e. tand(w), can be compared with experimental
results (such as Cole-Cole diagram).

2.1 Traveling Waves

If the electric fields is perpendicular to the matter, one can finds the relations as below by following

the Eq. (40) and (53).

(—iq)((=iq) - B) — (—iq)’E = (iq)(0) — (—iq)*E =

VxVxE(t):Vx(

-

C

qZE _ e(w) O?F

c2

where 5 - E'=10. And, one can know the relations as below

then the Eq. (66) becomes

B Eoefi(wtf?-?)

a@—? = —inoe’i(“t*E?) = —WE
a;_lf = _WZEoefi(wh??) = —WQE
%—f — g Boe™ 1) —igE

8%% 92 i(wt—q -7 ~27

02

w2€w

g =)
w elw
NG

&

~1d(V x B) _ 1 Oe(w)E

2 O

(72)
(73)

(74)

Since ¢ = wi /¢, the real part of refactive index is 7 = /€(w). Therefore, the real and imaginery
30 part of dielectric function can be related by

e1(w)=n"—k
€s(w) = 4mRe[o]/w

where x is the imaginery part of refractive index.
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For longitudinal waves, F is parallel to 5, the Eq. (65) becomes

(~i0)(~i4) - B) = (~ia/'E = e(4,0) 5 F (77)
PE — (i) 'E = (7,0) 5 B (7
(1215+<12/?7=()—E(qw)i—fzL (79)

e(q,w) =0 (80)

3 Dielectric function

3.1 Dielectric loss

The total current I(t) is defined as

dD

(81)
where D is the electric displacement induced by an electric field £. And, D is always in phase

with applied electric field E because the electric displacement D is induced by this field. Then, we
can get the relation between D and E as below.

D(t) = Re [eE} = Re [e,€} Foe™!] (82)
= Re[e,(€1 — i€g) Ep(cos wt + i sin wt)] (83)
= €,E0 (€1 coswt + €9 sinwt) (84)

Then, the Eq. (82) is substituted into the Eq. (81).

_dD  d(e,erEoe™)

I(t) = y i (85)
= e,criwFye™" (86)
= ¢,(e1 — ieg)iwEye™" (87)
= €,(i€1 + €3)wEy(cos wt + i sin wt) (88)
= e,wFp[(€2 coswt — €1 sinwt) + i(€; coswt + €9 sin wt )] (89)

In reality, one can measure the real part of current density, not imaginary part. Thus, the I,.(t)
represents the current density.

Once a voltage V(= V — 0) is applied into the system, one can know the relation between £ and V'
(i.e. E =V/l). Thus, the work W within a period of w can be estimated by
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I il OVOL

(90)
QL/‘OQW/UJ dt
w 27w 1 wl 27 Jw p
— L EM)ldt = —— I.(t)E tdt 1
QWAZ/O (WE() 2w Al J, (t)Eo cos w (o1)
W 2w fw
=51 eow Eo (€2 coswt — € sinwt) By cos wtdt (92)
A Jo
2 OEQ 2w w
= w2e AO / (€3 coswt — €1 sinwt) cos wtdt (93)
T 0
2 OEQ 27w
- w; AO / (62 cos® wt — € sinwt cos wt) dt (94)
T 0
2 OE2 27 Jw 27w
— Wt / €5 cos® wtdt —/ €1 sin wt cos wtdt (95)
21 A 0 0
wre, B2 reym
= ond [7 * 0] (96)
we e 2
Ry v (97)

where €2 is the volumne within two plates, [ is the distance between two plates, and A is the
same surface area of two plates perpendicular to electric field. Therefore, one can know this work,
called dielectric loss, is caused by electric fields and corresponding induced current density / electric
displacement to absorb energy from external sources.

If €5 is 0, it will have no dielectric loss. But, the electric current still exists because the second
term of the Eq. (62) contributes with 90 degree of phase-shift, i.e. the Eq. (101).

I(t) = WEOE(EQ cos(wt) — € sin(wt)) (98)
— wepE[0 — € sin(wt)] (99)
— weo B[O + e cos(wt + 90°)] (100)
= weoelz? cos(wt +90°). (101)

According to the Eq. (62), the loss tangent angle ¢ is

§ = tan™* weoeﬂj = tan™! <6—2> (102)
wepel B €1

3.2 Kramers-Krong relations

The Cauchy’s residue theorem is that

]{ RACO R (103)

W —w
for a closed contour within this area. One can choose the contour to trace the real axis with a
hump over the pole at w’ = w and a large semi-circle in the upper half complex plane. Then, this
integral can be decomposed into three contributions along (1) real axis, (2) half-circle at w’ pole, and
(3) half-circle of upper half complex plane.



64 The integral through semi-circle path vanishs because y(w’) vanishes as fast as 1/|w’|. Thus, one
es can get the relation as below.

0 :]{ (W) dw' = P/oO de' —imx(w) (104)

/ r_
w —w oW —w

66 It can be reorganized as the Eq. (105).

1 < xw)

= —P d 105

xXw) = /_oo o —w (105)

67 Therefore, one can apply this equation into dielectric function by replacing x(w) with e(w) — €.
1 © e(w) — €>

o= —p | ST gy 106

e(w) — € — /_ o —w w (106)

68 And, the Eq. (106) can be separated into real and imaginary part.

, 1 © [ere(w) — €] + il€im(w) — €2 .,
re — €% im — €] = —P < d 107
erels) = €]+ lein(e) = = =P [ il ¥ (107
— llp/m [elm((':}) — 67?7(7)1] dw/:| —’L |:lP /Oo [67'6((’:}) B 6?2] dCL),
T Jee W—w T Jooe W—w
(108)
1 * Imle(w') — €]
R — €] =—-P duw’ 109
ele(w) — €] - /oo P w (109)
-1 * Rele(w') — €]
I —€e*|=—P dw’ 110
mle(w) — €] - /_Oo T w (110)
69 Because €(t) is real, e(w) = €*(—w). It indicates that the real and imarinary part of ¢(w) are even
70 and odd, respectively. Thus, both equations can be rewritten as below.
- 20 dw € (W)
€re(w) — € = P/_OO P R (111)
© 2wdw’ €0 (W) — €
Elm(w) = _P/; T W2 — 2 (112)

When one measures the imaginary part of the dielectric function (i.e. absorption), it can be used
to find the real part (i.e. dispersion) or vice versa.

Note:



Prove the Eq. (111) from the Eq. (109):

1 * Imle(w') — €] |,
—€®] = = 11
Rele(w) — €] 7TP/_m ) (113)
1 (1 / 101 /
_-p / —m,[e(w N+ Lp / —m,[e(“’ N g (114)
T Jo W-w T Joo W—w
1 0 T / 1 0 I o
L [Py Ly P
T Jo W-w T Joo —W—w
o0 / 0 "
- lP/ —Im/[e(w N + lP/ —IH;[E(W N g (116)
T Jy W—w T Jo W Hw
1 o0 I / 1 oo I 1
= —P/ Imlelwl gy —P/ tmlelw)] 5, (117)
T Jo W—w T Jo W Hw
_1p / T mfe@”)] |-+ — | (118)
T Jo w'-w  WHw
1 oo " w// +w w// —w "
= ;P i Im[e(w”)] NI + N dw (119)
2 * Im[e(w”)]w” dw"” * 2w" dw"” Tm[e(w"”)
- _P/ | (//2 z] 2 - P/ ’/£ — 2] (120)
T Jo w w 0 T w w
71 where Im[e>] = 0.
72
73 Prove the Eq. (112) from the Eq. (110):
o1 1 * Rele(w') — €]
Im[e(w) — €*] = —P/ o duw’ (121)
/ 0 €®
P E(ﬁ" g+ = P / Rele i (122)
0 W =W 0o
00 / 0 00
P/ Re| e(c/u —€® dw N P/ Rele € ](—dw”) (123)
0 W —w 00
00 / €X . 0 /A NS
P/ Rel E(ﬁ" ]d P Re[e( “’ ) L g (124)
0 w—w w —l— w
oo / __ o0
P/ Re] e(w an 1P/ Re - € ]dw" (125)
0 T Jo w —|—w
/ Rele o 1 / Rele - — ]dw” (126)
0 w —w 7T 0 w —i—w
1 o0
= %P . Rele(w') — €] [w — +w} dw” (127)
1 , o | W —w W —w ”
) Re[e(w ) — €] N + N dw (128)
_ —_2P/°° Re[e(w/i/)z— e‘x;]wdw” _ _P/OO 2wdw" Re[e&c;“) —26°°] (129)
T Jo W —w 0 m W —w

#» 3.3 Kubo-Greenwood formula
7 3.3.1 Born Approximation

76 Begin with Born approximation, which states that an eigenstate |l) of H comes in contact with a
77 weak time-dependent potential U(t) evloves into

10



~ - 73 t - T / j t, - FT (4!
’l(lf)> ~ N e—th/h|l> +/ dtle—zH(t—t )/hU;h)e—zH(t )/h|l>] (130)

i t T —iwt!
— N e—iwlt ’l> / dtle—’iwl/(t—t’) Ueh e_iwlt/ ’l>] (131)
o 1
: . t . ! U - ! ; !
— N |e—iwit ’l> /; dtlefzwl/(tft) Z] ‘l/> <l/’ %efzwlt ’l) et (132)

— N —zwlt |l Z/ dt |l —zwl/ (t—t") <l |U |l> —iwyt’ —zwt’] (133)

- N e—iwlt |l> + Z |l/ l/| U |l / dtle—iwl/(t—t’)e—iwlt’e—iwt’ (134)
l, th oo
4 N(Uuly t o i
— N —iwqt l | zwl/t/ dt/ twprt’ —iwit’  —iwt 135
e BES ; e . et e it e (135)
4 DO e [
— N |eit]] | zwl/t/ dt’ —i(—wy+wtw)t! 136
e 1) + ; - e - e (136)
78 When the range of the integral is from —oo to ¢, one can evaluate ffoo dt' e~ @ttt 55 follows:
t t t
/ At e—z( wytwptw)t’ lim dtle—z( wy twptwtin)t’ lim dtlei(wl/—wl—w—in)t’ (137)
oo n—0t J_ n—0t
el |t ei(wl/fwlfwfin)t 6i(wl/7wl7w7in)(foo)
— lim eCrTememmr — 138
nE(?Jr Wwp—wi—w=in) | oo j(wp —w; —w —in)  i(wy —w —w —in) (138)
ez(wl/ wp—w—1in)t ei(wl/—wl—w)(—oo)—‘riZnoo 139
iy —w—w—in)  i(wy —w —w — 1) (139)
ei(wl/—wl—w—in)t ei(wl/—wl—w)(—oo)e—noo ei(wl/—wl —w—in)t 140
iy —w—w—in)  i(wy —w—w—in)  i(wy —w —w — 1) (140)
79 where '@ —1=@)(=) i5 a sinusoidal wave and e~ is close to 0 at a small 7. Therefore,
- . Do o e
~ —iwyt | —twprt 1: —i(wy—wy +w+in)t
’l(t)> ~ N |e 1) + Z e n£%1+ - dte l (141)

@i(“’l’ —wp—w—in)t

- neon
- N e—zwlt|l>+z‘ ><ZIL ‘>€—zwl/t ] (142)

i(wy —w —w —in)

l ll| U |l —iwyrt iyt p—iwyt f'i(w+i77)t

— N —zwlt l | 143

i 2 Z i(wy —w —w —in) (143)
' IOy et i

=N |l bt 144
|>+lZ, ih i(wp —wp —w —1n) © (144)
- |l,> <l/‘ U |l> z‘(w+in)t it

=N |l fed 145
|>+IZ h (— wl/+wl—|—w+m) ¢ (145)
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: ) Uy ety
I(t)) =~ N it 146
‘()> Z (Wl_wl/‘i‘w"—in) € ( )
) T ™| e
- N w 147
)+ Z h(w, — wy + w') ‘ (147)
80 where N is the normalization factor and w' = w + in. And, U*(t) = U*¢™"t. One can find similar

81 ’lN(t)> as below.

) T : 0+ (')
l(t)> ~ N e UM +/ dt'e~iH=)/mZ ) — e H /M) (148)
: ' t U* iw*t ,
=N [e ™) + / dt’ e~ (=) —zh e |1y (149)
: t ! : / ; !
— N |e—iwit ‘l / dt’ Z |l 7lwl/(t7t )efzwlt ezw*t (150)
: 1 TT*
=N 6_iwlt |l> + Z ‘l l ’hU ‘l> / dtle—iwl/(t—tl)e—iUJlt/eiw*t/] (151)
7
L v -
= DY LU i Y it —intr e
— N |t |l> + Z ‘ > < ’h | >e—zwl/t/ At et g=iwit’ giw t] (152)
l —00
' vy (1) O |1 e -
- N —zwlt |l Z | < |h | > —zwl/t lim dtlez(wl/—wl—l—w—m)t] (153)
n—0" J_
_ y l l/| U* |l> » ez(wl/—wl—i-w—in)t
- N iw;t l | twyrt 154
‘ ‘HZ, ih (o —w tw—in) (154)

— N ||+

e—iwltei(w—in)t

. (Ul
- N 6—zwlt|l>+z‘ ><Z’h ‘>
l/

‘l’) <l/’ U* ‘l> eilw—in)t

i(wl/ —wtw— i?])

~ (W — wr — (w —1in))

iw'*t

||l
N Z| U [) e

—zwlt
Mw; — wy — w™)

82 where W™ = w — in.

ss 3.3.2 Conductivity tensor

] e—iwlt

One can treat the light as a spatially uniform oscillating field with

And, the current operator is

- E

A:C,—e_“"t—f—cc
W

=S lpe ]
m c

] (155)
(156)

(157)

(158)

(159)



84 To linear order in applied fileds, the Hamiltonian is changed by addition of a term

O(t) = ——|E- Ple™ — —~_[E - Ple™"t = Ue™™ 4 e (160)
miw miw
85 Therefore, the contribution to the current of state ‘l~> is
- e e /o - e ~ |~
J= <z j z> = <z P+=i z> (161)
4~ eBE . E R
__c <z P et - E gt l> (162)
m w Tw*
e /i a5 eE it |7 e /- eE it |7
=Pl - g A ) (163)
€ O et 't p 1) (O |1y et it
__ < l zw wy 164
m <|+Zh(wl—wl/+w* Z hw; — wy + w) 10 e (164)
U#l VAL
e eE Ciwt /317 e eE ., /47
- W l‘l T Wt l‘l 1
mzw < >+mz'w*e < > (165)
. °E 2E | /o1
S by - | e CE <l‘l> (166)
m miw miw
A U1y (| P |1y et WPy (U |ly et
m i (w; — wy + w*) m i (W — wy +w)
e~ UUIY WP e ™ e = UL [T [1) e
— — — 16
m Z Mw, — wy — w) m Z Mw, — wy — w*) (168)
U#l U#l
. °E 2E | /o1
:_£<Z|P|l>— € : —iwt 6. - iw*t <l l> (169)
m miw miw
2 WE-P|'Y (| P|l)e™ 2 P (| E - Pl) et
¢ Z<| [ | Pl)e ™ i Z(I ) (') D) e (170)
m¥iw* £ h(w, — wy + w*) miw ¢ — hw, — wy + w)
2 DN (1| D —iwt 2 DN (T . D iw*t
B e- Z<”E P {U'|Pll)e n e' Z(l|P[l><l|E Pll)e (171)
m%iw Mw, — wy — w) m2iw* (w; — wpy — w*)
V£l VAL
. 2 2E | /o1
—— S Py - | et - St <l l> (172)
m miw miw
S S WP WE Py | (173)
thm? Al w(wl — wy + W) w*(UJl — Wy — w*)
62 L. . efuut eiw*t
— U'IE-P|) P — 174
ihm2;< | LAY Lu(wl—wl/—w) w*(wl—wl/—i-w*)] (174)
86 Because of J = oE , the conductivity tensor o,s can be obtained as

T zme Z

87 where f is the occupation numbers at state [ and V' is the volume. This equation can be simplified
ss if w; are real. After exchanging [ and [’ in the second term, as below,

w—wy +w W —wp —w

ﬁw+2 (u&mm&m+m%mw&mﬂ 175)
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(1 Pa V) (1 P |1)

_zfzwzz;—;z(

_e? (1| By |1y () Ps

w; —wy +w w;

—wp —w

L (UPs ) (11 P m)]

T

w; —wpy +w

B mmwV Zfl aﬁ+zz
('] Ps |1y

(1| B3 | (| Pa |1)

wl —wl,—w

—e f l|P 1)
:ime Zfl aﬁ"‘zz : w —wy +w

—e? l|P 1) l’|P
:ime Zfl aﬁ—i_zz wl—wl/—i-cf

(| Ps

—e f l|P 1)
:ime Zfl aﬁ‘FZZ : wp—wpy +w

1) fo (U1 ) 0 Pl
ZZ wl/ _wl _w

1) o (U] Py |1y (1] By (1) ]
ZZ —wp +w +w

| Ps |0)

e Ji— fl’ (1] P |I') (I
CimwV Zfl QB+ZZ W —wy +w

and adding a small imaginary part in to complex w, one can get the Eq. (182).

fo (UL Pa |1 ('] Ps 1)

Oap(w) = Zfz a6+zzfl

zme

hm w —wp +w+1in

me

fi—fo (P ) (V] Po |1)
Zfl QB+ZZ hm  w;—wy +w+1in

In atomic unit, =1, m =1, and e = 1. Also, conductivity tensor can be written as

Zfl a5+22f

O'ag

Following the f sum rule (i.e. (185)) and the Eq. (187),

ll Po |l) (V| 5 |1) _

QZZ €

pv

) lIP ) (V| Ps |1)
w; —wy +w—+1in
= —mplas = _%

) (U Pa 1) ('] s |1)

2 fibas = - ZZ

1 1 w

=—(1F

€

)

€ T W € T W

Prove the Eq. (187):

(1) For 1/(e + w):

€

19 ZZ fo (U Pa 1) U1 Po 1)
wi —wp tw

(176)

(177)

(178)

(179)

(180)

(181)

(182)

(183)

(184)

(185)

(186)

(187)

(188)



94

95

96

(2) For 1/(e — w):
1( w ) l(e—w w ) 1
-1+ = — + = —
€ €—w e\e—w €e€txw €

Therefore, one can rewrite the Eq. (182).

(E_Ew>:€_1w (189)

P 52

Taales) = zfl ED I QP lt) (1 P10

mwV hm w —wy +w+1n

(190)

7 52

(1 By 1Y (1) Py |1) U By 1Y (1) By |1) ]
__te _szl fv (] le>_<w’l,ﬂ‘ szl Jv (| |1 (] ﬂH (191)

mwV hm w —wpy +w+1n

i NUPASRUEAD NUPARUEAD
_W sz f w; — Wy sz f w—wl/+w—|—zn <192)

i o 1 1
-l marmann (o ) ow
L v
One can assume w; — wy = € and w + in = w’. Then, one can get
) 1
oute)= 2 [t o (£ - 1) o
—1 w'
oV ZZ = Fu) QI P ') ('] P |1) (6”/ - m)] (195)
—1
= / lP (| Psll 196
— szl Fo) (U Pa | (1 ﬁ|>€ll,(€ll,+w) (196)
—1 5 A w +1n
- ZZm = PPl Pyl o s (197
= I S S i ) QB ) (] By 1) : (198)
1% — (W —wy)(w — wp +w + 1)
ZZ (fi — fr) ”P ") <l/’pﬁ‘l> (199)
(Wi — wy)(wy — wp +w +1in)
(i = fo) (L Pa 1) () Ps 1)
o 2
Tap(w) m2V ZZ (wp — wp)(w — wy +w +1n) (200)

where N = 4.59984823346488111 x 105(2 - m)~! and the unit of (I| P, |I') is h/ag. Unit of
conductivity tensor is

(201)

C? kg*>-m?>-s7*2 Cc* 1 U S
J-s-kg2-m3 sl-s71  J.s-m Qm m m
where e = 1.60217656535 X 10_19(0), h = 1.05457162853 x 10_34(€V - 8), me = 9.109382914 x

1073Y(kg), h/ay = 1.992851882 x 1072*(kg - m - s71),1Bohr = 0.529177249 x 10~'%(meter), w =
2.41888432650516 x 107'7(s71), © is Ohm, U (= 1/Q) is Mho, and S is Siemens.
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Based on Dirac-delta function

1 1 .
e P [a] Find(a), (202)
o7 where a=w; —wy +w and b=n , the conductivity tensor o,5(w) = 045(w)+025(w) can be rewritten
98 as
-7 (fr = fr) (U Pa 1) V| P |1)
ohg(w) = — ZZ o) §(w (203)
(fr — fr) ll Po 1) (V] Py |1)
= —P 204
ZZ (wr — wr) (W — wy + w) (204)
99 One can treat this conductivity tensor by replacing Dirac-delta function with a Lorentian function.
o1 b
o) =l e T 2 (205)
100 where ag is the centered point of the Lorentian function. In order to avoid divergence at w = 0,
101 therefore, the first part of conductivity tensor becomes
1 -7 (fi = fo) {I| Pa |l)(l’|P5|l) 1 n
_ 206
UQB(W) V ;lz, (wl _wl’) 77—I>I(1)7T(wl — +w) +77 ( )
—1 (fi = fo) U Pa V) U] Py 1) U
S li 207
4 ;lz, (wr — wr) 0 (Wi —wy +w)* + 1 (207)
-1 (fi = fv) (ke + iplm )(pge‘i‘ipgm)
S li 208
|4 ZZ wl—wl/) 775% (wl—wl/+w)2+n2 ( )
_ -t Z 3 (fr = fo) [peiopl — pe"pg™] + [papf” +pfpa™] | U
VT T (wi — wr) =0 (W — wy + w)? + 1
(209)
1 i _f, ge ém Im
_ -1 Zz(ﬁ fz)[p P —pa"pg"] n 210)
Vv wl — wl/) n—0 (wl — wy + CU)2 + 772
— fr) paepfgm + pieplm] n
i li 211
g | U o
102 and the second part of conductivity tensor becomes
(W — wp)(wy — wp +w)
—~ — fu) | B 1) ('] P |1
— < (Wi — wr) =0 (W — wy +w)* + 1
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103

104

105

106

107

o)+ e+ )

w; —wy +w

_; IZ, (fi = fr) ([pfepge - P

(wr — wr)

lim

lim

n—0 (w; — wy + w)? +n?

w—wy +w

pgepém + pgepém})

(fi = fo) ([pEepfe — pimpk™])
ZZ =)

=0 (w; —wy +w)? +n?

w; —wy +w

where (I| P, |I) = ple +iplm, (I'| Pg |1)
of conductivity tensor o4g(w) = of§(w) + iol} (w) can be expressed as

-1 (fi — fv) [pEepfe — plmplm] n
Re @ 5 a g :
— lim
a,B( ) %4 ; ZZ’ (wl — wl/) n—0 (wl —wy + w)2 + 772
. >0 (fi— i) (lpaps™ +o5pa"]) | o —wr tw
V74 (W — wr) n—=0 (w; — wy + w)? 4+ n?
3 ST P
ah (w; — wy) n—0 (W — wy + w)? + n?

ZZ fl fl’ lim
(wi — wr) n=0 (w; —wy +w)? +n?
ZZ fl fl’ [ apﬁ gepém}) li W — wy +w
1m
(wl - wl’) n—0 ((A}l — wy + W)Q + 7]2
Re Re Im,Im

ZZ fl fl [ —Pa Ps ]) lim w; —wy +w

(u}l — wl/)

n—0 (wl — Wy + w)2 + 772

(214)

(215)

(216)

(217)

(218)

= pge + ipém. Therefore, the real part and imaginery part

Im Im]) -

W —wy +w

(fi = for) ([pEpfe — pimph
Z 2 =)

n—0 (wl —wy + w)2 + 7]2

(219)

(220)

(221)

(222)

Based on the equation of dielectric function , €,5(w) = dup + Eoiwaag (w), dielectric function can
be evaluated as

Therefore,
egg
= 6ap
1
eowV
1
eowV

+pﬁ pa ]

(fi—fr) Pa pﬁ
ZZ o)

zl:; fl_fl’

. n

lim

=0 (W — Wy + w)? + 7?
([pBepfe — plmpim]) y W — Wy + W
(wl — wy) n—0 (wl — wy + CU)Q + 772
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(224)

(225)
(226)

(227)

(228)



108

109

110

1

[

1

112

113

1

[

4

3.3.3 Momentum matrix elements

The first thing to calculate conductivity tensor is how to evaluate the momentum matrix elements.

(Uru (1) P [ (1)) = =i (g (1) |V [0, ()
R L —ik-R
= _Zh_zmjzczau e m\/—Nzn:chg,ye ol (Pia(r)|V]gjs(r))

- T R e TRt

—‘mzz

mn o

JB

eI (600 (1) |V |055(x))

(229)
(230)

(231)

(232)

The occupied and unoccupied states in one do-loop can be partitioned into processors and each
processor deals with parts of states to calculate MME on simultaneously.

<wku<

(W (0) | Pk (1)) (W (0)| P |01, (1)) =

)|p|wku

ZZCzau;C?,ﬂ,,,ei’“'<Ran> ($1.0(1)[ V] 5(r)

mn 1,

m,n ZOL

(W (0| P10 (1)) (1 (1) [P [0 (0)) " =

—ih Z Z o b Z C;/B’Vefik-(R

) (650(1)| V] 01,5(r))

ZZQMZ 51 @ B ) (G (2)| V|60 (1))

m'n' i o 3.8

(233)

(234)
(235)

(236)

where k is an index of k-points, p and v are indexes of occupied and unoccupied states, m and n
are indexes of unit cells, ¢ and j are indexes of atom i and the first neighboring atom j, and a and
are orbital indexes of atom i and j.

(G1a(0)|V1635(6)) = [ dr®65, ()9 35(0

:/dr3 ( (127T)>3/dk3¢~5fa(k)e—ik.r v (ﬁ)g/dk’?’q?jﬂ(k’)eik"(r—ﬂ

= (27r)—3/d
2 [ d

k3/dk_/3 —ik/-T

7”3 { K’ ~;il<k>ffl:;<f<>e-“ﬂ v [ / dk’?’éw<k’>z/m,<ﬁf>eik'~<r—ﬂ]

k)Y (K)ik Ry (K Yy (K [ dibe® 0T
P

= i(2m)" / di® / ke B (k)Y (R)K Ry ()Y (K') (277)%6 (K — K)

= / dk?’e_’k'TR;l(k)}/l;(ﬁ)kﬁp/l/(k)Y,,m/(l})

i [ [

L

47TZ Z

L=0 M=

Ve (kIT))Year (k)Y (7)
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RN

()Y, (k) K Ry (k) Vi (K)

(237)

(238)

(239)
(240)
(241)

(242)

(243)
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116

117

118

119

120

121

122

123

124

125

126

127

128

=%47TZ Z DY (%) / dk?’i’z;(ﬁ)%w(R)YLM(R)EjL(kITI)R;Zz(’f)f?pw(k) (244)

L=0 M=

~

:mZ Z ey, (7) /d¢/d051n9/dkk2 (&) Yo (R) Ypr (R) K (K, 0, 01, (| 7) R * (k) Ry (k)

L=0 M=
(245)

For x/y/z direction:

9 00 L ~ ~
(D)5 lonu() =47 > > (=" Y (F)CH e / Ak ju (k|7 |) By, (k) Ry (k) - (246)
L=0 M=—L
00 L
(P (r)] 5 |¢ku( ) =dry > (—1)LYEM(?)CZ‘”(_W)JW,LM/dkk?’ﬂ(kﬁlﬂ) w(F) Ry (k) (247)
L=0 M=—L
00 L
(Drn(r)l 5 |¢>/~w( ) =dry > (—ULYEM(?)Cﬁ_m),z/m/,LM/dkijL(lel)R;z(/f)ffpw(k) (248)
L=0 M=—L
where
2w T
Cﬁ—m),l’mCLM:/O /0 dpdd sin 0 [Y;) (0, 0)Yim (0, 0) YL (0, ¢)] sin b cos ¢ (249)
21 T
Cly(—m),l’m/,LM:/O /o dpdfsin b [Y;) (0, 0)Yirm (0, 0)Yra (0, ¢)] sin 0 sin ¢ (250)
21 ™
Cllemyrm L = /0 /O dodd sin 6 [, (0, ¢)Yiny (6, 0) Y0 (0, ¢)] cos 0 (251)
Approach 1:

Here, the equations from (249)-(251) can be solved by Mathemetica to get their individual analytical
solution - a constant number - at each l;,mq,ls, mo, L, and M. Furthermore, due to symmtery of two
spherical harmonics function, e.g. spherical harmonics functions exchange [ and m with each other,
the non-zero terms are the same in x and z directions without sign changed and in y direction with
sign changed, respectively. And, in both of x and y directions, values of non-zero terms are the same
(except sign changed if m’ < m” + M).

Approach 2:
Based on

1
Yio(0,0) = 5 \/gcos 0 (252)
1 3 + ¢ 3 . ..
Y141(0,0) = F-1/ =—sinfe™? = F-1/ —sinf (cos ¢ L isin¢), (253)
2V 27 2m

one can easily get the relations between spherical harmonics functions and corresponding sin € cos ¢,
sin @ sin ¢, and cos 6, i.e.
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2T

sin 6 cos Qb = ? D/l,l(ew QS) + le,—l(& ¢)] (254)
§infsin 6 — i 2; Yi1(6,6) — Y1 1(0,6) (255)
cosf = 2\/23/170(0, 0y (256)

120 After these three equations are put back to (249) (251), Gaunt coefficients can be expressed as
130 below.

27 T
Clemyrass = [ [ 600 5m01Y5,0,0)¥e000.0) Y 0.0 ¥1a(0.6) + Vi 2(0.0)

(257)
Cl oyt 21 = ﬁ / / A9d0 5in 0[Y7%, (0, 6)Yieww (0, ) Y101 (6, 8)] [Y1 (6, 8) — Yi,1(0, 6)]
(258)
T 27 T
i =25 [ [ doisin0135,6.6)Yium 6.0)¥100 6.6 Y1006, (259)
131 According to
Vi (0,6) = (=1)"™Yi,-m(6, 9) (260)
Vi (8,6) Vi (8,0) = 2 D2 ) varrr(Bo kB (0 ) ey
LM
(261)
m,ml(wm,m(e,cﬁ)—\/ Skl s 2L+1( - AI;[) (lo ; S) Yiu(0,9)
LM
(262)
132 and
/ | 0850201060 e 12 6. )Y 6.6 Vi, 0,) (263)
2l 1)(21 1
NI ()Y
27
/ / 460 5i0 0¥, (6, 0) Vi (0, 6) Vi s (0,6) (265)
B (s 8 )G
LM
(205 + 1)(20s + 1) : b L L\ (ls I, I
><\/ - LZA;\/QL +1(ﬂ;:’3 WZ M,) <5’ 0 0> (267)
27
/ / dpdd sin 0Y7, v (0, 0) Y/ 40 (0, 0) (268)
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VL +1)(20 +1)(20 + 1)(20 + 1)

= 2
pm (269)
L I L Lo ls L\ (ls s L\ {[lz l4 L
8 Z YL+ (m1 my —M) (o 0 o) (m3 ma M> (0 0 0) (270)
133 the equations from (257) ot (259) can be reorganized as below.

(1)

27
Olemyansass = [ [ 000500 0,001 0.0)¥100.0) Wia(0,6) + Vi 200.0)

(271)
21 ™

=/ / / A$dB SN OY: (0, ) Yom (6:0)Y100(0,6)Y1a(0,6)  (272)
0 0
27 ™

+/ 2%(—1)’” / / dgd6 $in 0, (0, )Y e (0, 0) Y201 (0, 0)Y1,1(0,6)  (273)
0 0

_ \/?_Dm¢<21+1><2z'+1i7<rzf:+1><2-1+1> .
<sevressn (S S oo o) Gr i) (60 5)

NI R AR AR EZZ
XL%K—UM/@L’“) (fm A A I (A L (A
XL§,<—1>M’<2L'+1> (fm w i) (é o )it ) (6o t)

—— -
XL_ZM,<—1>M’<2L'+1> (_in w ) Go )G A ) (s )
- (o [EE DR LT iz:
<xenrersn (S S (6o 5) (6o 5) 259

AGr v )G 5] s
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(2)

' . 2 2 s ) .
it =iy [ [ A0d0Sin 0% (6.6)Yome(6.6)Y00(6,0) ¥5.(6.6) = Yi.-1(6,0)
0 0

(285)
_ z<—1)m\/(2l + 1)(21/; 1)(2L +1) (286)
e (L BN DELY) e
(SR

(3)

Gl ey s = 2\/§ / / A0 5in 0(—1)™ Y (0, 6)Yi e (6, 6) V1 01(6,6)Yao(0, 6) (289)
:2\/? )m\/ (20 + 1)( 21/+1i(2L+1)(2 1+1) (200)
R G A (R T (AR
_ (_1)m\/(2z + 1)(21’4+ (2L +1) Zz:
g (L 6 6

(293)

134 or

21 T
Oﬁ_mwmgwﬂ\/f / / 06050 0(—1)"Yi (6, ) Yo (6. 0) Vs (0.6)Yi0(0.6)  (294)
21
\f / / dpdBsin 8 [Yi_ (6, 6)Yir (0, 8)] Yias(0, 6)Yio(6,6)  (205)
_\/(25+ 12l + Z( 1)Mm(l zf/ L’)(l 4 L’) (206)

Am —m om’ =M )\0 0 0
\f / / dgdf sin 0Y111:(6, 6) [Y1,04 (6, 6)Yi0(60, )] (207)
:\/(2l+ 4:5 +1) LZM( 1)Mm<_lm nl;, _6\/4,) (é lol f)/) (298)
x\/(2L+1)(2 1+1 Z P — ( J\L4) (ﬁ ! LO,,> -

2
\/7 / / dpdd sin 0Y sy (0, )Y 3 (0, 0) (300)

135 or
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138

139

140

141

142

143

144

145

146

147

148

149

:(_1)m\/(2z+1)(2z'+1) S (-0 VADTE T (_zm v > <z i L’)

4 m  —M 00 0
L', M’

Mo it L Y (L
xV2L+1 ) V2L'+1 voo ) Lo o o ) St
LN’MII

_ (_I)m\/(zz + 12U +1)(2L + 1)

A
[ I LN/l U UN(L 1 LU\(L 1L
XLZA;(_I) (2L+1)<—m m' —)\o o o)\ar 0o m) {0 0 o
Furthermore,

Prove <¢k,u|5wk,u> = (wk,y!ﬂwk,w*r

(el Blons)” = (=it [ 65, Vongdr) = in [ 6,505 0r

= ih / V (Yrstti,) dr — ik / (V) Uit = i [, 0,0 = ih / (Vibrw) ¥ udr
= i Uk o+ B0+ ) = s 00 0)] = [ (F000) 07

= b (0] = i [ (V) i = =it [ 0, (Vo) dr = (Bl

where V (U5,05 ) = (Vi) UF, + Urw (V).

casW) = Y oy (W)

ijkl=s,p,d,...
ikl
cp@)= Y elfw)
ijkl=s,p,d,...
Oap(W) = Y ohs(w)
i=s,p,d
cap(w) = Y ehs(w)
i=s,p,d
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